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We presen t  solutions of heat-conduction problems for a hollow cylinder  for  mixed boundary 
conditions of the second and th i rd  kind, the solutions containing rapidly converging s e r i e s .  
F o r  the fundamental  types of boundary conditions we obtain express ions  for the Green ' s  
functions which enable us to improve the convergence of the se r i e s  ~ 

It has a l ready  been r e m a r k e d  upon [5] that the application of G. A. Gr inberg ' s  method to the solution of 
hea t -conduc t ionprob lems  for  a hollow cyl inder  [3] leads to slowly converging s e r i e s .  ~n [5] express ions  
were  given for auxi l iary  functions which make it possible to improve the convergence in many of the cases  
t r ea t ed  in [3], in pa r t i cu la r ,  in those cases  involving mixed boundary conditions of the second and third kind 
with heat t r a n s f e r  at the outer  sur face .  The same resul t  can be obtained if, following [2], we express  the 
auxi l iary  function co in t e r m s  of the Green ' s  function g(r ,  ~) corresponding to the boundary-value problems:  

g(r, R,)q~(~) + g(r, R~)h~%(v) (1) 

where  

a R~ 
7 

g (r, ~) = (2) 
( r  1 lnk) r > ~ .  

- ;  d, ' 

This  way of represen t ing  the auxi l iary  function has the advantage that the se r i e s  for  co can be obtained 
without going to the di rect  calculat ion of the Four i e r  coeff icients  since the Four i e r  se r ies  expansion of the 
Green ' s  function is a l ready known [2]. Thus we obtain, d i rec t ly  f rom Eq.  (1), 

o, = = / ~g; (R,  + o ,  k , )  
2h~% (~) tVo (n=k) ] 

g; (R~ ~ o ,  R0 + h~g (R~ - -  0, ~ )  t aB,~ 

where 
4 

Subtracting f rom this resu l t  the se r i e s  (3) obtained in [3], and then adding the express ion  (1), we ob- 

tain the express ion  

t _ ~ - -  ( ln  f f -  - - 1 / B i ~ - - l n k )  Rlq ' (~)+ ,~(x)  
R~ 

j ~1~ inn" Rlq, (x) Wo (~1~)-- R=h2% {~) Wo (qnk) } 27,/0 (~.r/Ra) 
+ " B .  

;z.=L 

(4) 

Here  and in what follows we employ the notation used in [3, 5]. 
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If we consider the same case as that t rea ted  in [6], namely,  that involving heat t r ans fe r  at the outer 
surface,  we obtain the following resul t :  

t = - - ( l n - f - r  + 1 ) R ~ q , ( ' O - - ~ 1 ( ' 0 +  

where 

r ,= l  

26o (X~r/R~) (5) 
Go (X~k) - -  Rlhl*l (*) Go (Z0 B. ' 

B~ 4 2 .2 = - -  - -  (Z- + BI~) Gg (X,,). 
5~ 2 

In obtaining the expression (5) we have used the Green 's  function in the form 

1 )  

g( r ,  ~ ) =  t /?~ ' ~ (6) 

If the initial conditions are represented  in the form of a uniformly convergent se r ies ,  then the ser ies  
(4) and (5) converge no more slowly than 1/~2n and X/X2n, respect ively.  Here ~n and Xn are the roots of the 
t ranscendental  equations 

Wo (kn~) 
Wx (k~l.) Y1 01~) d~ (kB~) -- d~ (,1~) Y~ (kq,~) Bi 2 

(3o (Xn) _ Y1 (kZn) "[o (Xn) --  dl (kXn) Yo (Zn) 
G~ 0r Y1 (k)r 71 (:~) -- 4 (k;~) Y1 (X~) Bi~ 

Calculated values of the roots ~ and X are given in Table 1. 

_ Y~ ( ~ )  J~ (k~l~) - - J ,  (~n)  Yo (knn)  _ krl,~ (7) 

_ z , ,  ( 8 )  

We also present  expressions for the Greents functions for problems with boundary conditions of other 
types .  For  mixed boundary conditions of the f i rs t  and the second kind, the OreenWs function has the form 

_ _  - -  R1 x-,1 , 

g (r, ~) = { a lnk 

R1 +1 
[ a Ink 

r<:~=, 

r > ~ ,  

(9) 

if the boundary conditions at the outer surface are of the f i rs t  kind, and 

g (r, ~) = t71 

In ~---, r > ~ ,  
R1 

when they are  of the second kind there .  

For  mixed boundary conditions of the f i rs t  and of the third kind. the GreenWs function has the form 

l n k - - l n  ~-  
I R1 (Billn r ) 
a B i l l n k + l  ~ - + 1  , r < ~ ,  

f 
Ink -- In - -  

1 R1 (Billn ~ ) 
- ~ .  Bix tnk+l  ~--I-1 , r > ~ ,  

g(r, ~ )=  

for boundary conditions of the f i rs t  kind at the outer surface ,  and 

1 In _ r  R1 + 1 
e(r, ~ ) = 1  a R~ i+Bi~lnk ' 

, Bl~ In - -  1in!( 
-a- R1 \ l+Bi21nk +1 , 

for boundary conditions of the third kind at the outer surface .  

(lo) 

r ~ ,  

r > ~ ,  

(11) 

(12) 
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T A B L E  1. 

and (8) 

Values of the Roots of the Transcendental Equations (7) 

1.5 
1.7 
2.0 
2.5 
3tO 

1.5 
1.7 
2.0 
2.5 
3.0 

1.5 
1.7 
2.0 
2.5 
3.0 

1.5 
1.7 
2!0 
2,5 
3?0 

Bi 

k 
0,2 0,5 1 2 3 4 5 

0,5596 
0,4540 
0,3594 
0,2709 
0,2191 

6,3634 
4,5711 
3,2269 
2,1802 
1,6550 

0,5566 
0,4499 
0,3541 
0,2642 
0,2116 

6,3834 
4,5951 
3,2546 
2,2106 
t,6859 

0,8706 
0,7038 
0,5551 
0,4168 
0,3363 

6,4248 
4,6246 
3,2715 
2,2149 
1,6834 

0,8595 
0,6889 
0,5359 
0,3933 
0,3106 

6,4730 
4,6814 
3,3359 
2,2836 
1,7513 

1,1994 
0,9642 
0,7560 
0,5642 
0,4535 

6,5247 
4,7110 
3,3433 
2,2706 
1,7287 

1,1707 
0,9266 
0,7090 
0,5090 
0,3953 

6,6146 
4,8147 
3,4569 
2,3859 
1,8381 

1,6137 
1,2842 
0,9964 
0,7357 
0,5877 

6,7142 
4,8732 
3,4762 
2,3723 
1,8107 

%1 
1,5448 
1,1982 
0,8947 
0,6237 
0,4744 

gz 

6,8704 
5,0~48 
3,6524 
2,5360 
1,9553 

1,886l 
1,4882 
1,1446 
0,8379 
0,6660 

6,8896 
5,0205 
3,5943 
2,4605 
1,8809 

1~7779 
1,3579 
0,9970 
0,6823 
0,5130 

7,0925 
5,2331 
3,8001 
2,6376 
2,0284 

2,0846 
1,6328 
1,2469 
0,9065 
0,7177 

7,0509 
5,1531 
3,6983 
2,5363 
1,9402 

1,9408 
1,4649 
1,0624 
0,7180 
0,5358 

7,2850 
5,3878 
3,9135 
2,7095 
2,0773 

2,2372 
1,7414 
t,3218 
0,9556 
0,7543 

7,1987 
5,2720 
3,7894 
2,8011 
1,9902 

2,0619 
1,5417 
1,1079 
0,7422 
0,5510 

7,4522 
5,5159 
4,0024 
2,7624 
2,1120 

S i m i l a r l y ,  the  e x p r e s s i o n s  fo r  the  G r e e n ' s  func t ions  when the b o u n d a r y  cond i t ions  a r e  of the s a m e  
kind at  both  s u r f a c e s  (condi t ions  of the  f i r s t  s e c ond ,  o r  t h i r d  k ind ,  r e s p e c t i v e l y )  a r e  g iven  b y :  

g (r, ~) = 

g (r, ~) = 

r 2 . ~2 
2a 2 2 (R2--R1) 

r ~ + ~2 

in r~ 
gl(r) g2(~)= R1 in R~, r<~,  

alnk 
(13) 

gl(~)g2(r)=- Rx lnR-~, r>~,  
alnk r 

R] In ~ R~ in 

( R ~ - -  e~) ~ ~ ' a (R~ - -  R,) 

R~ In __r R~ In -~  (14) 
RI  R I  r>~ ,  

a ( R ~ - - R ~ )  a 2 , (R2 - -  R~) 

g( r ,  ~)= 

In r + ~  1 

R1 Bil ( 1/Bi2 T' 
a (1/Bi i _L 1/Bi 2 + In k) 

l n k - - l n  ~ ( ) ,  r < ~ ,  

(15) 
1hA+• 

a (1/Bil+ 1/Big -b In k) R1 

With  the  he lp  of the  m e t h o d  p r e s e n t e d  in [2] and  use  of the  e x p r e s s i o n s  (9)-(15),  we can  ob ta in  a u x -  
i l i a r y  f u n c t i o n s ,  which  l e a d  to  s e r i e s  of the  t y p e s  (4) and  (5) wi th  a f a i r l y  r a p i d  c o n v e r g e n c e .  The  r o o t s  of 
s o m e  t r a n s c e n d e n t a l  e q u a t i o n s ,  c o r r e s p o n d i n g  to  the  c a s e s  c o n s i d e r e d ,  a r e  c o n t a i n e d  in  [1, 4, 7]. 

RI, R2 
k = R2/R1; 

N O T A T I O N  

a r e  the  i n t e r n a l  and  e x t e r n a l  r a d i i  of t he  c y l i n d e r ;  
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Bil = ~IRIA; 

Bi2 = ~2A;  
a 

h i = a lA;  

is the thermal diffusivity; 
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